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Dupin's Cyclide as a Self-Dual Surface. 

By Mabel M. Young. 



Introduction. 

A correlation between the points and the planes of space is determined 
when it is assumed that by it five arbitrary points are sent into five arbitrary 
planes. If the correlation sends the points of a surface into its tangent planes, 
the surface is called self-dual. Its order and class are then the same, and the 
singularities occurring in the surface considered as an envelop of planes are 
the dual of those found in the surface taken as a locus of points. The Kummer 
quartic surface is a well-known example of a surface with this property.* 
Another self-dual surface, not a special case of the Kummer Surface, is the 
Cyclide of Dupin. The determination of a group of correlations which trans- 
forms this surface into itself is the chief object of this paper. 

The Determination oe Four Polarities. $§ 1-3. 

§ 1. Equation of the Surface. 

Dupin's Cyclide is defined by Salmon f as a surface of the fourth order, 
with four double points and with a double conic in the plane at infinity. To 
determine its equation from this definition we take a tetrahedron of reference 
with vertices at the four double points of the surface. A quartic surface having 
a double conic in the plane at infinity may be put in the form 

where a is a constant, .(/8a;) an arbitrary plane, (yx) 2 an arbitrary quadric 

and (x) the plane at infinity. Q is the known quadric cutting out the double 

conic in (x) =0. For simplicity, let Q contain the four lines joining the four 

double points. Then, 

Q=x a x % -\-(ix 1 x i =^. 

Applying the condition that the four reference points are double points on the 
surface, we have the relations 

r0O = yil = y22 = y33 = 9 / 01 = J'l2 = y23 = 9 / oa = 0, — 2^02 = ^0 = ^2, ~ tyis/ [* = Pl = fa • 

* Hudson,, R. W. H. T., "Kummer's Quartic Surface," §30. 

f Salmon, G., " Geometry of Three Dimensions," 4th edition, §§560, 567. 
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These values of the constants give a final form of the equation with two arbi- 
trary constants, (i and (/?!— /? )/2a=Jl. 

{x<p< i +ttx 1 x z y+ , k{x) \x x 2 (x 1 +x 8 ) —(IX 1 X 3 (X +X 2 ) \ =0. (1) 

§ 2. The Dual Singularities of the Surface. 

To determine a correlation which is to test the self -duality of this surface, 
we may make use of the fact that in a self -dual surface the singularities of the 
surface in points and of the surface in planes are mutually dual. We shall 
then look first for four double tangent planes and a double quadric cone to 
correspond to the four double points and the double conic which by definition 
are present in Dupin's Cyclide. 

To find the double tangent planes, we must first consider the nature of the 
double points to which they are to correspond. If we' write the equation of 
the surface according to the powers of one of its variables, we see that the 
tangent at a double point is a quadric cone. The double points are then 
"conical points" at which there are an infinite number of tangent planes 
enveloping a quadric cone. The dual singularity must then be a plane con- 
taining an infinity of points of the surface lying on a conic. As the double 
points lie by pairs on the lines 13 and 02 of the reference tetrahedron, we 
examine first the relation to the surface of the planes on these lines. Take the 
planes on 13, which are of the form 

kx +x 2 =0. 
The tangent cones at (0, 1, 0, 0) and (0, 0, 0, 1) are, respectively, 

lx 2 xl+Xx x 2 — (i%.x a (x +x 2 ) =0 and y?x\-\-Xx x 2 — [iXx^Xq+Xz) =0. 
The line pairs in which a plane of the pencil cuts these cones coincide when 

M=(h— 2)±2Vl— X 

There are then in the pencil two planes given by these values of k which are 
tangent to both of the tangent cones at these double points, and hence to the 
surface at these points. Moreover, the quartic curve in which each of these 
planes cuts the surface reduces to a repeated conic given by 

kx -\-x i =0, fiikxl+fix&s) -{-%(k— ^x^+Xs) j 2 =0. 

At an arbitrary point on this conic there is found to be a single tangent plane, 
kx +Xz=0, so that the plane is a trope. Similarly, there are among the planes 
on 02, lx 1 -\-x s =0, two tropes given by 

%l= (X+2(i) ±2V(i^+(i 2 . 
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We have then found four planes which have the properties required for the 
planes dual to the four double points. These four tropes are 

k 1 x +x 2 =0, k 2 x +x 2 =0, l 1 x 1 +x s =0, l 2 x 1 +x a =0, (2) 

when k x , k 2 , l x , 1% are the two sets of values for k and I already found. 

The double conic of the surface is characterized by the fact that at each 
point the surface has two tangent planes. The dual of the conic must then be 
a quadric cone, every plane of which meets the surface in two points. Further, 
the tangent planes of the surface at points of the conic meet the plane (x) = 
in lines tangent to the conic. Hence, dually, the two contacts of each plane of 
the cone lie on a line passing through a fixed point, the vertex of the cone. If 
we can find such a cone of double tangent lines, we may consider its vertex as 
a point dually related to the plane of the double conic. 

Before finding the equation of the cone and its vertex, it will be useful to 
notice another locus on its surface. Since the elements are double tangent 
lines of the surface, the points of contact may be given by a binary quartic 
with two pairs of equal roots. Let and oo be the parameters of the points 
of contact on any element; then the binary quartic is xtyl=0. If z x -\-z 2 is 
the vertex, its first polar as to the quartic is {siy i -\-z i yi)x- i y i =0; its third 
z i z z(Z\yz-\- x \Zz) = 0. These have the common point Si^+^i^- As this relation 
occurs on every element, we see that the first and third polar surfaces of the 
vertex as to (1) meet in a conic on the cone and in a line. 

The equation of the cone is most easily found if we rewrite the equation 
of the surface in terms of the parameter of the points x i -\-'ky i in which a line 
on x t and y t meets it. The equation becomes 

Pi+Psy+P2 , y 2 +Piy 3 +py i =0, (3) 

where p— equation of surface, and il Pi=i-th polar of surface as to a point z. 
If the line cutting the surface is an element of a cone of double tangent 
lines, it meets the surface in two points only, and (3) has two pairs of equal 
roots. Take z at the vertex. For simplicity set Pi=0. Then p 3 =0 also, and 
the equation becomes 

Pt+Pzf+py^o. (4) 

The condition for equal roots is now the vanishing of 4:p t p — pi . This expres- 
sion set equal to zero gives an equation in * and z which vanishes when a? is a 
point on a double tangent through z. It must then for some special value of z 
be the equation of the double tangent cone from z. 

The vertex is the point (ft, 1, p, 1 ) . This fact is most easily established 
by verifying that for this value of z the discriminant 4:p 4 p— p|=0. The polars, 
found for this point, are 
34 
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p 1 =2[(x) (fiQ+lR) +%v\x x 2 (x 1 +x s )—[*x 1 x s (x +x 2 ) j], 
p 2 =2v({iQ-\-?iR), p a = 2ixv\<y(x +x 2 )+iip(x 1 +x s )\, p 4 =ftV. 
Q^XoXz+pXiXg; R^x x 2 —n 2 x 1 x s ; (i + l=v, 1— A,=p; (i+l^a. 

Substituting in the discriminant these values of p { we have, as the equation of 

the cone 

4rv(ixQ+^R)-\a(x +x 2 )+ii P (x 1 +x a )\ 2 =0. (5) 

But a surface on the intersection of Pi=0 and Ps=0 is easily seen to be 
(iQ + %R=0; hence (iQ-{-?iR is known to be identically zero when the polar 
plane of ((i, 1, fi, 1) as to the surface is zero. Therefore the discriminant of 
(4) vanishes for this point and we see that the cone of double tangent lines, 
the dual of the double conic in (x) =0, is a quadric cone with the vertex 
(fi, 1, (i, 1). This point is accordingly the dual of (x) =0. 

We have now five pairs of points and planes associated with Dupin's 
Cyclide, and dually related to each other, — the four double points, corresponding 
to the four tropes, and the vertex of the cone of double tangent lines corre- 
sponding to the plane at infinity. These are sufficient to determine the correla- 
tion which we wish to consider. 

§ 3. The Equations of the Transformation. 
Let the correlations be given by the transformation 

pu^ = a iO x + a a «! + a i2 x 2 + a iS x s , ( 6 ) 

and assume a ik =a. ki . This will give rise to a quadric with respect to which the 
corresponding point and plane will be pole and polar. In pairing the points and 
planes a point will not then, in general, be on its corresponding plane. Let the 
points on 13 and 02 be paired with the planes on 02 and 13 respectively: 

Point. Plane. 

(1, 0, 0, 0) ^0+^2=0 

(0,1,0,0) hx^x^a 

(0, 0, 1, 0) k 2 x +x 2 =o 

(0,0,0,1) l 2 x 1 +x s =a 

If we regard the equation of each plane as the result of applying to the corre- 
sponding point the transformation (6), we determine six relations among the 
coefficients a ik : 

<Xo3 = a 01 = a 12 =a 23 = "> #00 — a 22> a ll = a 33 • 

The further requirement that by the same transformation (ft, 1, ft, 1) goes into 
(x) =0 fixes the ratios 

033 _ Oil _ (1 + Ail)^l ^ Oi3 _ ft (!+&!) 

cc 22 ccoo {i + ljki ' J a 00 hil + h) ' 
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But such a transformation is a polarity with respect to a quadric (ax) 2 =0, the 
coefficients of which are the constants of the transformation. Hence, setting 
ki-\-l=ni and l i -\-l=m i , we have the quadric 

Q = ( ax ) 2 = k x m x x\ + fxn x l\x\ + ixm x x\ + /uZ^a?! + 2m 1 a; ;r a + 2fm x x x x z = . 

As it,- and Z s have each two values connected by the relation k x k^=-l x l % =-\, we 
may immediately derive from (ou») 2 =0 three other quadrics which meet the 
conditions, and give rise to three new polarities. Our result may then be 
stated as a 

Lemma. There are four transformations, polarites as to four quadrics, 
which send the point singularities of Dupin's Cyclide into their dual forms. 

The theorem that the entire surface is self-dual under the same polarities 
will be proved by another method in § 8. 

The initial hypothesis about the transformation 

k=S 

pu t = 2 a ik x k 

k=0 

was that a ik =a ki . If we had assumed cc ik = — a k{ , the transformation would 
have led to a linear complex, instead of a quadric. But in such a case a point 
and its corresponding plane are incident. As this is geometrically impossible 
for ((i, 1, (i,l) and its corresponding plane (x) = 0, it is evident that we can- 
not show that these five pairs of points and planes, and much less the points 
and planes of the surface, belong to a null-system. 

A Study op Covabiant Foems. .§§4-7. 

§ 4. Relations Among the Quadrics Q f . 

Before studying these polarities further, it is perhaps worth while to 
examine in some detail the geometry of certain covariant forms closely asso- 
ciated with the surface. Among these are the four quadrics Q t found in §3, 
which are closely connected. Because & 1 &2=Z 1 Z 2 =1, it is possible to write all 
the quadrics in terms of k x and l lf and in this form it is readily seen that a 
linear relation exists among them. The equations * are 

Q 1 ^m(kxl+kx\-\-2x a x 2 ) -\-(in(lxl+lx 3 1 -\-2x 1 x 3 ) =0, 

lQ i =m{kxl-{-kxi+2x x 2 )+(in( x\+xt+2lx 1 x 3 ) =0, 

f V ' ) 
kQ 3 =m(xl -\-x\ + 2kx x i ) +fin(lxl-\-lxl-\-2x 1 x 3 ) =0, 

lkQi^m{xl -\-x\ + 2kx x 2 ) + (M {x\-\- x\ + 2lx x x 3 ) =0. 

* A transformation of the reference tetrahedron to the self-conjugate tetrahedron of the quadrics 
gives all forms related to the quadrics more simply. Other forms in frequent use become, however, so 
complicated and unsymmetrical that this desirable transformation is not made. 



272 Young: Dupin's Gy elide as a Self-Dual Surface. 

That a linear relation exists is known because the Jacobian of the four quad- 
rics vanishes. To determine this relation we combine the equations in pairs 
in all possible ways. 

Q —lQ 3 =nnh(x 1 —x 3 ) 2 , kQ s —MQ i =(inh(x 1 —x s y. (8) 

Q 1 —kQ 3 = mr(x —x z ) 2 , IQ^—lkQ^—mr^—x^) 2 . (9) 

For each of these pencils of quadrics the invariant <1>*=0, 

lQ 2 —kQ 3 =mr\(x —x 2 ) 2 —^nh(x 1 —x 3 ) 2 \, 1 

Qi — klQ i =mr\(x — x 2 ) 2 -\-(inh(x 1 — x 3 ) 2 \, h^l — 1; r==k — 1. j 

For these two quadrics the invariants ©* and ©'=0. 

lQ 2 +kQ s = Q 1 + klQ i =mn\ {x +x. i ) 2 + i i{x 1 +x 3 ) 2 \. (11) 

From (8) or (10) we see that the linear relation connecting the quadrics is 

Qr—kQz-lQz + klQ^. 

From (8) we see also that the pairs Q x and Q z , Q 3 and Q t have a repeated conic 
in the plane x x — x 3 —0, and are accordingly tangent along the conic in which 
they meet it. Equations (9) give the same relation for Q x and Q s , Q 2 and Q if 
which have their common curve in x — # 2 =0. Since each quadric contains a 
fixed conic in x — r» 2 =0 and in x x — x 3 =0, the intersection of these planes meets 
all four quadrics at the same two points, and at these points the quadrics have 
double tangency. From (10) we learn that Qi an d Qi, Q 2 and Q 3 meet also in 
other conies in the planes a? 1 +^3=0, x -\-x 2 =0, and, accordingly, have double 

contact when the line 

x 1 +x 3 = 0, x +x 2 =0 

meets each pair. Each quadric has then " ring contact " with two others and 
double contact with a third. At two points on one line all four quadrics have 
double contact. On a second line they have double contact by pairs at two sets 
of points which are readily seen to form a harmonic set. 

§ 5. Certain Tangent Cones. 

The enveloping cone to the surface from a point without is of order 12, 
since it consists of tangent lines drawn to the intersection of the surface and 
its first polar. Consider the cone from ((i,l,(i,l). The first polar of this 
point as to the surface is 



(x) (aXoXi+i^px^) +XvavK 2 # 1 + &3 — [ix 1 x 3 x +x 2 =0. 
This meets the plane at infinity in the conic 

XqXz+iiXlX^O, (x)=0. 

* Salmon, G., "Analytic Geometry of Three Dimensions," 5th edition, Vol. I, Chap. 9. 
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The polar cubic also contains the double points of the surface and the lines 
joining them, along which it is tangent to the cyclide. The complete cone to 
the surface must then contain a cone to the double conic, counted twice ; the 
four planes tangent to the surface along its four lines, and the cone of double 
lines already found. The planes are 

1) x —(j.x 1 =0; 2) x o —(ix s =0; 3) x % — |ur»i=0; 4) x z — (tx s = 0. (12) 

The cone to the double conic is 

IvixoXz+nx&s)— n(x) 2 = Q, (13) 

The lines along which planes (12) are tangent to the surface meet the double 
cone in four points whose coordinates are 

(0,0,1,-1); (0,1,-1,0); (1,0,0,-1); (1,-1,0,0). (14) 

They meet the cone of double lines in points 

(0, 0, [i(>, — a) ; (0, — <r,(ip,0); (ftp, 0, 0, — <x) ; (ftp, — a, 0, 0). 

Planes (12) are thus tangent to both cones. Hence, we see that the enveloping 
cone from (ft, 1, (i, 1) to the surface consists of two quadric cones and their 
four common tangent planes. 

At the points (14) the double conic is met also by the four tangent cones 
on the double points of the surface. These cones are 

x\ -f hx x x z + "kx % x z — (iXxiXs = , (i 2 xl + Xx Q x 2 — (iXx x s — (i2,x 2 x 3 =0, 
x% -\-Xx^x x + Xx <i x z — yXx x x z =0, (j?x\ + Xx x 2 — ixXXqX! — nXx-iXz = 0. 
Each contains two lines of the surface. The pairs of cones with vertices on 
the diagonals 02, 13, which are touched by the tropes, meet each other on the 
surface only at the two remaining double points. Any two cones, except these 
pairs, have one line in "common, along which they are touched by one of the four 
tangent planes (12). In (x) =0 we have thus at each of the four points (14) 
two cones tangent to each other and to the double conic. Each cone has double 
contact with the conic, but single contact only with eaeh of the two cones which 
it meets. 

§ 6. The Four Pinch Points and their Duals. 

In general, at every point y of the double conic the surface has two dis- 
tinct tangent planes. These are the factors of the polar quadric of y, 

2 1 x y i -\-x i y -\-y.(xjy z +x 3 y 1 ) j 

-SM2/ +# 2 )±VA 2 (#o+2/2) 2 -4^2! (*)=0- (15) 

When, however, the expression under the radical is zero, the two planes coin- 
cide. The condition for this is 
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"ky % = - 1 (&— 2) ±2Vl = A|«/o , 
with the further necessary relation 

^ a = -\(^+2(i)±2V(i 2 +Xfi\y 1 . 

The constants involved are, respectively, the values of k { and l t in the equations 
of the douhle tangent planes {2), so that the ratios become 

y*/yo=—k, yJy\=—k- 

Each of these four points satisfies two tropes, (x) =0, and the cone of double 
tangent lines, as well as the double conic. They are then the vertices of the 
quadrilateral cut out by the tropes in (x) =0 and inscribed in the double conic 
at its intersections with the cone of double lines. The coordinates of the four 
points, called "pinch points," are 

(—h { , r i} k t h { , —ItTi), (» = 1, 2). 

The tangent planes to the surface at these points are 

mipiJCiXo+Xi) — m i a(l i x 1 + x 3 ) = 0. 

The fact that the tropes pass through these points enables us to state the 
relations between the singular conies in these planes. As we have already seen, 
the conies in a pair of tropes on a diagonal line meet the double points on this 
line. At each pinch point two tropes meet which are not on a diagonal, and 
hence the corresponding singular conies meet also. Each conic accordingly 
meets one other conic at two double points of the surface and a second at a 
pinch point. These remarkable points are thus seen to have the following 
properties. They are the only points of the double conic at which the surface 
has a single tangent plane and they are each found on the double conic, the 
cone of double lines, two tropes and two singular conies. 

The duals of the pinch points are planes already found. At each point 
the single tangent plane of the surface cuts (x) =0 in a line tangent to the 
double conic. Dually on the cone of double lines must be an element meeting 
the surface in two coincident points. The tangent plane on this line meets the 
surface in four coincident points. Moreover, the pinch points are common to 
two singular conies not lying in tropes on a diagonal. The corresponding 
planes must then be common planes of two cones of the surface at double points 
not on a diagonal. Such planes are the singular planes (12), and the coincident 
points of contact are the points (14), which are on the conic cut from the cone 
of double lines by the polar plane of its vertex. The planes of the surface dual 
to the pinch points are therefore the singular tangent planes of the surface. 

§ 7. A Quartic Curve on the Surface. 

The only space curve on the surface which arises in the preceding dis- 
cussion is the locus of the points of contact of the cone of double lines and the 



Young: Dupin's Cyclide as a Self -Dual Surface. 275 

surface. This curve is also on the polar of the surface as to (ft, 1, (i, 1). Since 
the further intersection of this cubic and the cone is a conic (§ 2), the locus of 
contacts is a quartic curve * cut out by a pencil of quadrics. t 

By combining the equations of the surface, the first polar as to (ft, 1, ft, 1) 
and the cone, we obtain a quartic surface which must contain all points common 
to the three surfaces. This is 

[2v(x x 2 -Jt[i%i%b) — (x) loiXo+x^+npix^+Xs) j] 

\2v(x x 2 +fix 1 x s ) + (x) {(((Xo+Xz) +fip{x 1 + x s ) \]=0. (16) 

To decide which of these quadrics cuts out the curve under discussion, we may 
put the equation of the surface in a form which will show its relation to the 
cone of double lines. Such a form is 

S=Ql+C 1 Q 2 , 

where S is the surface, G x the cone of double lines, Q± a quadric through the 
contacts and Q 2 an arbitrary quadric. This equation expresses that S is tangent 
to C lf where C^ meets Q x . Hence, that one of the two quadrics (16) passes 
through the curve, the square of which subtracted from the surface gives the 
cone multiplied by some quadric. Q x is found to be 

2v(x x 2 +(ix 1 x 8 ) — (x) \o(x +x 2 )+ftp(x 1 + x 3 ) |=0. (17) 

The pencil of quadrics which cuts out the quartic curve of contacts on the cone 
of double lines is therefore given by linear combinations of (17) and (5). 

Mapping of the Sukface. §§ 8—11. 
§ 8. Self -duality of Entire Surface. 

By the principles of mapping it is possible to show that the four polarities 
of § 3 do, in fact, send every point of Dupin's Cyclide into one of its planes. 
That the surface may be mapped follows at once from the fact that it is rational 
This is seen by considering the intersections with the surface of a line which 
moves always touching the double conic and one line of the surface. Three of 
its four intersections are thus accounted for; the fourth is variable. If the 
cutting line also meets some arbitrary plane, this point and the variable inter- 
section with the surface are always in 1, 1 correspondence. The surface thus 
meets the test for rationality and may be mapped. 

In mapping a surface of given order, the curves which map plane sections 
must pass through a sufficient number of base points so that the free inter- 

* Salmon, G., "Geometry of Three Dimensions," 5th edition, Vol. I, p. 363. 

f The breaking up of this curve into two conies is the condition that the surface take the special 
form of the " Anchor Ring." 
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sections of any two shall be equal to the order of the surface. To map a 
quartic, therefore, by means of general cubics, we need five base points. We 
have in this way oo* cubics. Now, as the 00 s planes of space are linear functions 
of the four independent planes, they must be mapped by 00 s cubics on the 
five base points, which are linear functions of the four fundamental cubics. 
All such cubics must accordingly meet one further condition. Let this be 
apolarity to a general line cubic, (a%) 3 =0. Plane sections of the surface are 
then mapped by a linear system of cubics in the plane. 

Before deriving specific transformations for the mapping, we must take 
account of the fact that the surface has four double points. This leads to a 
special arrangement of the base points. In general, it is assumed that no three 
shall lie on a straight line, but when the surface has a double point, this 
restriction is removed. This is because each of the net of planes which may 
be passed through a double point on the surface cuts out a rational section, 
and must be mapped by a cubic of the same genus. There are thus among the 
oo 3 cubics on five points and apolar to (a£) 3 =0 four nets of rational cubics. 
Two such nets are: 1) cubics consisting of a line on three points and a net of 
conies on the two remaining apolar to the polar conic of the line as to (a£) s =0 ; 
2) nets of proper rational cubics with the double point at a base point. Two 
such independent arrangements of three points on a line, as in case 1, may be 
made. Case 2 arises when two of the points on a line approach coincidence. 
Hence of the oo 3 cubics through these points, a net will have a double point. 
Two such nets are possible. We have thus accounted for peculiarities due to 
the presence of four double points on the surface, if we take the five base points 
in two coincident pairs on two lines meeting at the fifth point. 

Let these points be the vertices of the reference triangle in the mapping 
plane, and let the coincident pairs be (0, 1, 0) and a point consecutive to it on 
u 2 =0, (0, 0, 1) and a consecutive point on « 1 =0. A cubic curve through these 
points and apolar to (a£) 3 =0 is of the form 

( om ) 3 == a m u\u x + aoo2Mo«2 + an2^i«2 + a 122 t«iw| 

+ (aa 001 +?'aoo2+ca U 2 + ^a 1 22)woMiM 2 =:0. 

Making the first four coefficients zero in turn, we have four cubics meeting the 
required conditions 

f =u thu 2 +3 utu 1 =px , f 1 =u u 1 u 2 +^ 1 ulu 2 =qx 1 , 
f % = UoUiUt + PnUjul =px 2 , f z =u ihu 2 + fi s u\u 2 = qx s . 

The elimination of u from these equations gives the surface in form (1), if 
certain obvious substitutions are made for p and q. The transformation then 
takes the final form 
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(18) 



f < ,=x .=u ii 1 u i —pu 2 u 1 /%@ 2 ,, 

f !=(*%! = UqUjUs + CTMoWa/^/^s , 
/ 2 =# 2 = UqU x U 2 + P*U X U\ , 
f 8 =(iX s = U U X U 2 + /M W 2 • 

"We can now show directly that Dupin's Cyelide is self-dual under the 
polarities of §3. Any plane cuts the surface in a quartic curve with two 
double points which maps into a non-rational cubic. Since the point of contact 
of a tangent plane is a double point on the surface, each tangent plane cuts the 
quartie surface in a rational quartic which maps into a rational cubic on five 
points. The oo 2 tangent planes thus give oo 2 rational cubics. Consequently, 
if a point y on the surface has as polar plane with respect to one of the quadrics 
Qi (7) a tangent plane of the surface, the map of the section will be rational. 
Assume such a tangent plane as the polar plan© of y. Then, 

P 1 (x)^m(ky +y 2 }x +(in(l^ 1 +y s )x 1 +m(y +ky 2 )x 2 +i 1 in(y 1 +ly 8 )x s =0, ] 

P x (/) = m (ky +y 2 ) \ UoU x u 2 —yu\uJ w k$ 2 \ +n{ly 1 -\-y s ) \ u t> u x u< l -\-au\u 2 /'k^ z \ j- (19 ) 

+ m(y + ky 2 ) \u\>u t u 2 + B^ul] +«(j/i+Zj/ 3 ) \u UiU 2 -\- p s ulu 2 \ = 0. J 
This cubic is of the form, in Salmon's coefficients,* 

a x u\u x + u 2 ( b 2 u\ + b^u\ + 2& 1 w « 1 ) + CtuIu-l = 0. 
If this cubic is rational, its discriminant will vanish. The discriminant is 
A^27a 1 c 1 bohib{-2b 2 1 (b b 2 +a 1 c 1 ) + (b b 2 -a 1 c 1 ) 2 ]. 

Substituting from (19) the values of the constants and using the relations f 
which exist among k, I, \ ft, this becomes 

A=(«/ +%2) 2 (%o+«/ 2 ) 2 («/i+tys) 2 (^i+«/3) 2 

[(2/o*/8+/"2/i2/s) 2 +M2/) |2/o2/ 2 (^i+2/s) — ^2/i«/ 3 («/o + «/ 2 ) (]• 
This expresses that the discriminant vanishes identically when 1) y is a point 
on a singular conic and when 2) y is any point on the original surface (1). 
As the same result is obtained by using the polar plane of y as to each of the 
remaining quadrics, we may state the 

Theorem. Dupin's Cyelide is a surface self-dual under four polarities. 

§ 9. Plane Equation of Surface. 

We may note here that the discriminant of the map equation of a tangent 
plane gives the equation of the surface in planes. Substituting for y in the 

* Salmon, G., " Higher Plane Curves," 3d edition, p. 194. 

VxX^— Vi^x+VT, Vx"ft 2 =— vi^x— vr, 
\(h— 1) 2 =— 4&, \(J— iy=i/ii, 

\(fc+l) s = — 4(1— \)k, \(l+iy = 4(p+X)l, 

\(ft 2 +l)=2/(;(X— 2), X(P+1) =2l(2/i+\). 

35 
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discriminant its coordinates as the pole of a plane p, we have the equation of 
the surface in the terms of 17, the coordinates of the plane, 

y =[ih(kri —Y! 2 ), yi=r{lYi 1 —rts), 
y2=(ih(kvi 2 —*jo), yz=r{lri s —vii), 

^[ ^(^ofo +^o— W+4;m7i>7s— ^g— VsY + ^^{^ *7o + >72 + >7i + >7 3 ) 
[>>?!+ ^sS^oto + ^o— mY\~ (J7o"+>7») |4/K»7i>73— ^(>7i— %) 2 |] =0. 

§ 10. 27&e Mapping of Plane Sections. 

In general, the map of a plane section of this surface is a quartic curve of 
genus 1, which is in 1, 1 correspondence with a cubic of the same genus in the 
mapping plane. There are, however, four classes of plane sections, beside 
those made by the tangent planes, which are rational and accordingly map into 
rational cubics. A single section also exists which is not in 1, 1 correspondence 
with its mapping curve. We shall take up separately the maps of these 
sections. 

Two sets of rational sections are those made by planes through the double 
points and the lines of the surface. Through each double point is a net of 
planes cutting sections which have this point as a third double point. 

Double Point. Map of Planes through Point. 

»7o u 2 *=0 ; a net of conies tangent to ^=0 at (0, 0, 1). 

Yli ^=0; a net of conies tangent to u 2 =0 at (0, 1, 0). 

yi 2 A net of cubics with double point at (0, 0, 1) and 

tangent to w 2 =0 at (0, 1, 0). 
37 3 A net of cubics with double point at (0, 1, 0) and 

tangent to ^=0 at (0, 0, 1). 

By considering the part of the mapping curve common to all curves of the net, 
we determine the maps of the double points. 

Double Point: yj , yi x , y; 2 , *7 3 . 

Map: u 2 =0, ^=0, (0,0,1), (0,1,0). 

Sections of the surface by pencils of planes through a line on the surface break 
into the line and a pencil of rational cubics with double points on the double 
conic. 

Line. Map of Planes through Line. 

ritfix %=0; u 2 =0; a pencil of lines through (1, 0, 0). 

yi 2 yi z « =0 ; a pencil of conies on three reference points. 

YliYiz u x =0; a pencil of conies tangent to u 2 =0 at , 2 „. 

(0, 1, 0) and passing through (0, 0, 1). 

>7 >73 u 2 =0; a pencil of conies tangent to Ui=0 at 

(0, 0, 1) and passing through (0, 1, 0). 
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The maps of the lines of the surface are thus known. 



I (21) 



Line: n^li, mm, W?2> mm- 

Map: UiU 2 =0, u =0, u x =0, u 2 =0. 

In each plane pencil is one plane tangent to the surface along the entire line 
and hence cutting, the surface in a conic and the line counted twice. 
Line. Singular Plane. Map. 

ymI x 2 —(ioo s =0 u 1 u 2 [^ 2 u 2 —^ s u 1 ]=0 

vJM~$ a? — /ua? 1 =0 ^[p/3 s w 1 +/3 2 rt« 2 ]=0 

)7l>72 30 —flX s = u 1 [qu\-\- p s uiu 2 ]=0 

i^yf s X 2 —jXX 1 = U 2 [aul— %$ 2 $ z UtU 2 ] = 

Before considering the remaining classes of rational plane sections of the 
surface, it is of advantage to map the double conic in the plane at infinity. 
Its map equation is 

(i^B^sC^a^ul^—pfi^sulux-^iiX^l^sU^i + %^^lu\u 2 + 2vhp 2 (3 3 u u 1 u 2 = 0. ( 22 ) 
The conic is unique in that it is in 1 — 2 correspondence with the cubic C. The 
two points of the conic which are double points on every plane section appear 
in the mapping plane as four common points of the maps of the section and 
the conic. If a pencil of planes is taken on a secant of the double conic, the 
corresponding pencil of cubics in the mapping plane will be determined by 
nine points on C, — the five base points, which are on the maps of all plane sec- 
tions, and the four points which map the intersection of the conic and secant. 
If, however, the base of the pencil of planes becomes a tangent of the conic, 
the four variable points on G become two pairs of consecutive points at which 
each cubic of the pencil has double contact with C. Since every fixed point 
through which a pencil of curves passes with a fixed tangent is the double point 
of one curve of the pencil, we find in this pencil of non-rational cubics two 
rational curves with double points, respectively, at one or the other of the 
two points on C. These two cubics map the sections of the surface by the two 
tangent planes in the plane pencil. At the four points in which the double 
conic is met by a line on the surface, one of these two tangent planes is a 
singular plane containing the line. The map of this section accordingly 
degenerates. At one of the two points on C mapping such a point, we have a 
double point of a proper rational cubic; at the other a double point of a 
degenerate cubic. Four exceptional points on the double conic must, moreover, 
be noted. These are the pinch points, which are mapped by a single point 
each. The pencil of planes on a tangent to the double conic at one of these 
points is mapped by a pencil of cubics having contact of the second order with 
C at the corresponding point. The one rational curve in the pencil has the 
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tangent of C as one tangent at the double point. It maps the single tangent 
plane of the surface at the pinch point. 

If now we consider in relation to G the pencil of planes on a line of the 
surface (20), the map of each section will contain the two fixed intersections 
with C which map the common point of line and double conic,, while the variable 
points will map the other double point of the section. The two fixed points 
will be those mapping the contact of the singular plane in the pencil. In the 
case of planes on ntPh, two intersections with Cof the variable line must map 
the variable double point of the section. The third intersection and a fourth 
point must be fixed, and map the fixed intersection of line and conic. Hence, 
the variable lines pass through a fixed point and form a pencil. "We deter- 
mine this point from a line in the ,map of the singular plane in the pencil, 
/3 2 m 2 — B s Ui=0. This intersects the variable line and touches C at (— /? 2 /? 3 , &> ft),* 
and meets C again at (1, 0, 0). These two points are accordingly the map of 
the fixed double point, and (— -ftft , ft , ft) * s * ne vertex of the pencil. 

The discussion of the planes through the three other lines gives the same 

results from a more general point of view. The planes on y^~ 3 , for example, 

are mapped by u =0 and conies on three reference points. The map of the 

singular plane is 

u\ (pftMi+<rftw 2 ) =0. 

Now u =0 meets G in (0, I/O), (0, 0, 1) and (0,— pft, ft). Theline 

pftw 1 -f<Tft'W 2 =0 

touches C'.in (Aftft,— fto?, ftp) and has (1, 0, 0) s as residual intersection. Of 
these five points all but (0,—/*ft, ft) are on all conies of the system. These 
points, however, are found only on the map of the singular plane, and map its 
contact with the double conic. The cubics in planes on y^f s are then mapped 
by a pencil of conies on four points of C. The two remaining intersections 
of each conic map the double point of the corresponding section, and these 
points, by the geometry of the plane cubic, lie on a line through a fixed point 
of C. This is readily seen to be (— ftft, ft, ft). Exactly similar results 
are obtained for the planes on the two remaining lines. 

We have thus verified for Dupin's Cyclide the properties stated by 
Olebsch* for the general quartic surface with a double conic; that planes on, a 
line of the surface are mapped by 1) the map of the line and 2) a pencil of 
curves with base points on the map of the double conic and meeting this curve 
also in pairs of points which map the, single points of the double conie. These 
point pairs determine a central involution with vertex on the map of the conic. 

*Borchardt, Journal far Mathematik, Vol. LXIX (1868), p. 147. 
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Sections made by .planes on the diagonal lines of the reference tetrahe- 
dron are two conies. The map equations ,give, for planes on y^f s , a pencil 
of degenerate conies with double point at (0,1,0), and %=0; for planes on 
i^.a similar pencil of conies with double point at (0, 0, 1), and ^ 2 =0. Special 
cases of these planes are the tropes which touch the surface along conies 
counted twice. 

Trope. Map. 

Jfc f # +#2=0 u 1 (h i +l)(u +2p 2 u 2 y=0 1 , 2 g. 

l i x 1 +.x 8 =0 u 2 (l i + l)(uo+2(3 8 Ui) i =0 J 

The points where the tropes meet the double conic are mapped by the 
coincident point pairs in which the four tangents from ( — /? 2 /2s> @z, fa) to G 
meet the curve. From the coordinates of these points we find that the maps 
of the tropes pass through them by pairs just as the tropes pass by pairs 
through the pinch points on the double conic. These four points, which map 
the pinch points, are 

!-W„ Mh+i), &#<+!)! (i=i,2). 

A tangent plane to the cone of double lines also cuts the surface in two 
conies. The map of a section is a cubic for which the invariants* S and T 
both vanish. Hence, the mapping cubic has a cusp. 

We have thus considered in detail the map of the double conic, and the 
maps of the five sets of planes giving rise to rational sections. These groups 
of plane sections and the general forms of their maps are as follows: 

1. A double infinity of simple tangent planes. Thesemap into co 2 proper 
rational cubics. 

2. Four, nets of planes through. the, double points. These map into four 
nets of rational cubics. two of which are degenerate. 

3. Four, pencils of planes on the lines of the surface. These map into 
four pencils of degenerate cubics consisting of three lines or a line and a conic. 

4. Two pencils of planes on the diagonals of the reference tetrahedron. 
These map into two pencils of, degenerate cubics consisting of three lines. 

6. A single infinity of planes tangent to the cone of double lines. These 
map into co 1 rational cubics with a cusp. 

The section by the plane at infinity, the double conic, has been shown to 
be in 1,2 correspondence with a non-rational cubic of the mapping plane, and 
the relation between the two curves has been found to be the same as that 
between the corresponding curves on the most general quartic surface with a 
double conic. 

* Salmon, G., "Higher. Plane- Curves", 3d edition, p. 210. 
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§ 11. The Map of a Quartic Curve. 
The quartic curve which is the locus of contacts of elements of the double 
cone is cut out by a quadric (§7). Substituting #*=/,•, we have the map 
equation of the curve. This falls into two factors, one of which is the map of 
the double conic, the other 

/? 3 <r (pWo%— Wtuiul) —pfi 2 (oulu 2 —%Plulu 2 ) =o. (24) 

This shows that the octavic curve in which the quartic and quadric surfaces 
meet consists of the double conic, and the quartic on the double cone. The 
cubic (24) is in form similar to the map equations of plane sections, but differs 
from them in that there is not a linear relation existing between it and the 
four fundamental cubics. 

Group Properties of Transformations Associated with the Surface. 

§§ 12-13. 
§ 12. The Group of Correlations on the Surface. 

The four polarities (§3) and three known collineations C which leave the 
surface unaltered, constitute a group, G s . 

Ci • C 2 . C 3 . 



p'x' =x 2 


p'x' =x 


p'x' ^x 2 


q'x' x = X x 


p'x[=x 3 


p'x[=nc 3 


p'x' 2 =x 


p'x' 2 =x 2 


p'x 2 =x 


p'x' 3 =x 3 


p'x^Xx 


o'%' 3 =x 1 



(25) 



Forming the polar s of a point y as to the quadrics Q (7), we have 

P 1 =m(ky +y 2 )x +ftn(ly 1 +y 3 )x 1 + m(y +ky 2 )x 2 + ( in(y 1 +ly 3 )x 3 ,' 

;P 2 = TO(%o + |/2)^0 + ^«(«/l + ^3)«l + W(t/o + %2)«2 + ^«(^l + 2/s)«3, 

hP 3 ^m{y Q ^ky 2 )x^iin{ly 1 +y 3 )x 1 +m{hy +y 2 )x 2 -\-(in{y 1 + ly 3 )x 3 , 
lkP i =m(y +ky 2 )x Q +[in(y 1 +ly a )x 1 +m(ky +y !i )x 2 +iin(ly 1 +y 3 )x 3 . 
If we transform any one of these polars by any one of the three collineations, 
the result is the equation of another polar. For example, C^^Pg. To 
operate with one collineation on another gives the third, as C^g^Cz . As the 
result of carrying out these transformations in all possible ways, we have 
forms from which we observe the following facts : 

1. Any collineation or any polarity operating on itself gives identity. 

2. The product of two unlike collineations gives the third, and of two 
unlike polarities gives a collineation. 

3. Each collineation and each polarity is its own inverse. 

4. The products are commutative. 

All requirements for a group are thus met and we may state our result in a 
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Theorem. The four polarities P and the three collineations C, with 
identity, form a group G 8 . 

This group is defined by the equations 



Cl=l 



C m = C^ 
C m C k = Ct 

C m C k =C k C m 
(m,k, 1 = 1, 2,3; m^h^l) 

The generating elements are the collineations C t and C 2 , and a polarity, 
collineations form the only subgroup, which is a "four-group." 
The multiplication table of the group is 



Pf=l 
P P —P 

PP=PP. 

(i,j = 1,2,3,4; ijzj) 



The 
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c 2 


C 3 
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Cx 
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Cx 
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Px 
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c s 
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c 2 


Cx 
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Pi 


Pz 


p. 


Px 


Px 


Px 


p* 


Pz 


Pi 
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Cx 


c 2 


Cs 


p* 


p 2 


Px 


Pi 


Pz 


Cx 


1 


Cs 


c 2 


Pz 


Pz 


Pi 


Pi 


p. 


c 2 


Cs 


1 


Cx 


Pi 


Pi 


Ps 


p. 


Px 


c s 


c 2 


Cx 


1 



(26) 



Any equation symmetric in x , x 2 and x t , x 3 is invariant under the 
subgroup of collineations. Such forms are the equations of the planes 
(x ±x 2 ) -\-k(x 1 ±x a ) = 0, the quadric x x 2 -{-kx 1 x s =0 and the surface itself. 
Invariant lines are given by 

(1) #0=0 (2) ^=0 (3) x +x 2 =0 (4) x —x 2 =0 
x 2 =0 x 3 =0 x 1 -^-x 3 =0 x t — #3=0 

The first three are invariant in that they are sent into themselves by Gi . The 
points of the last are absolutely invariant. These four lines, moreover, meet 
in four points and form two pairs of opposite generators on #0*1— x i x 8 =0. 
The polar as to the quadrics Q of a point on one generator of a pair is a plane 
on the other. We may then say that these lines are also invariant under G s . 

The 1, 1 correspondence between the points on (4) and the planes on (3) 
also arises from the operations of -the group G s on points of the surface. By 
the collineations C, a point (y , y 1} y 2 , y s ) goes into 

{.Vi,yx,yo,yz), (yo,y 3 ,y*,yx), (y%, y», y ,yx)- 
We call these four points a Y set. By the four polarities Q the same point 
goes into four planes P (25), the points of contact of which with the surface 
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we call an X set. The planes P are found to meet in a point y' and the points 

Y to lie on a plane P', the polar of y' as to all four quadrics. The point is on 
the fixed line 

x — x 2 =0, %x — O5 3 =0; 

the plane is on the other fixed line 

X o + X 2 = 0, X 1 + X s = 0. 

By the properties of the group it is seen that the eight points X and Y form a 
closed set of which any one determines the remaining seven, and that the rela- 
tion between the points X and their polar planes is in all respects the same as 
that between the points Y and their polar planes. Thus, if we start with a 
point X, we obtain by the polarities four planes touching the surface at points 

Y and meeting in a point which is the. pole as to the quadrics Q of the plane 
which contains the points X. This new point and plane are found to lie 
respectively on the lines 

x — x 2 =0, x x — #3=0 and x -\-x 2 '= 0, x t -{-x s =0. 

The pairs of points, sti ising thus on the line 

x —x 2 =0, x 1 —x 8 =0, 

from every point on the surface, form an involution along the line, the fixed 
points of which are the two at which the four quadrics Q have double contact. 
The corresponding pairs of planes lie on the line 

#o+#2=0, x x -\-x s =0 

also form an involution, the fixed planes of which are the two common tangent 
planes of the four quadrics at these points of contact. 

We have thus the conclusion that the eight points and eight planes arising 
from the operations of the group on any point of the surface fall inte two sets 
of four. Each set of four planes meets in a point on one line fixed under the 
group, while each set of four points lies in a plane passing through a second 
fixdd line. The intersection of the planes titngent at one set of foU* points is 
the polar point as to the quadrics of the plane containing the f bur other points. 

This group of correlations G s under Which the surface is self^dual, is the 
only such group. If another group existed, it would be formed by adding to 
some new collineation group the known correlations. Applying the general 
collineatioh k=i 

to the equation of the surface, with the restriction that the surface remain unal- 
tered, we find that the only solutions possible are the f out transformations given 
by the collineation subgroup of G 8 . The correlation group is, therefore, unique. 
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§ 13. The Group of Cremona Transformations in the Mapping Plane. 

We have seen that the transformation of polarity as to the fundamental 
quadrics Q gives for any point y on the surface a plane tangent to the surface. 
The point of contact a; is a double point on the section by the plane. Hence, 
the map equation of this plane is a rational cubic with double point z. The 
point y maps into some point u of the mapping plane. Thus, for a pair of 
points y and x, arising from a correlation on the surface, we have a pair u 
and z in the plane. "We now proceed to derive a transformation, which applied 
to u, the map of a given point y, gives the point z corresponding to x. 

The coordinates of the double point z in a curve mapping a tangent plane 
of „ the surface may be found by means of the combinant 

/o(^123)«=2 + /l(t'023)M=2 + /2(t'013)«=2 + /3( e '012)«= e = 0- (27) 

The quantities /,• are the four cubics (18) , the quantities J t are each the Jacobian 
of three of the cubics. Since the Jacobian of a net passes through the double 
points of the net, a curve given by (27) has, for a particular value of z, a double 
point at z. Let us set this equation identically equal to the map equation of a 
tangent plane of the surface, and equate coefficients of terms in u. We obtain 
four equations in y and z. But since y may be expressed as a function of u, 
our equations give z in terms of u. Solving, we have corresponding to the 
four polar transformations of a point y on the surface, four sets of relations 
between z and u in the plane. 

lit: z = + V%fi 2 Ps(nmul+2lnP s UoU 1 -\-2km(3 2 UoU 2 -\-4 : kl(3 2 @ ! i,u 1 u 2 ), 
&i= — VaZ/?2 ( nmul + 2km^ 2 u u 2 + 2n(3 s u Q u 1 + ^k^^u^Uz ) , 
z 2 = — V—kp(3 3 (nmul + 2ln$ 3 utfA x + 2m(3 2 u u 2 . + 4Z/? 2 /? 3 w 1 'W 2 ) ; 

n 2 : z = + ^M @ 2 (i 3 (nmul+2km@ 2 u u 2 +2n(3 z u u 1 +4:k@ 2 ($ s u 1 u 2 ) , 
z 1 = — Vcr|/? 2 (nmul + 2km^ 2 u u 2 + 2ln@ z u u 1 + 4 kl@ 2 @, s u x u 2 ) , 
z 2 = — V—klf>(3 s (nmul + 2m^ 2 u Q u t + 2n(3 s u u 1 + 4/3 2 /? 8 M] u 2 ) ; 

Il 3 : z = + y%k@ 2 fi s {nmul+2(5 i mu Uz+2ln(j s u o u 1 +kl@ i (i s u 1 u i ), 
z x = — Vklofiz (nmul + 2 w/3 2 m m 2 + 2n(3 s u u 1 + 4(3 2 (3 s uiu 2 ) , 
z 2 = — V — p /3 3 ( nmul + 2km(3 2 u u 2 + 2Zn/? 3 w M 1 + 4tkl(3 2 fi 3 UiU 2 ) ; 

n 4 : O = + Vhkl (3 2 (3 s (nmul+2m(32.u u 2 +2n(3 3 'UoU 1 +4:(3 2 (3 a u 1 u 2 ) , 
% = — 'Vko (3 2 ( nm ul + 2m(3 2 u u 2 + 2lm$ z UsU x + 4Z/? 2 /3 3 u-)U 2 ) , 
z 2 = — V — lp /? 3 ( nmul + 2km(3 2 u u 2 + 2n(3 s u u 1 + 4 k$<Jj$ s u x u 2 ) . 

These transformations are involutory. We have then four birational trans- 
formations which set up a 1 — 1 correspondence between points u and z. Hence, 
they are Cremona transformations. 
36 
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Such a traiisf ormation sends the co 2 lines of the plane into a net of conies 
on the three singular points of the transformation. Each quadratic expression 
for z factors into the maps of two tropes on the surface, and from its form is 
seen to pass through (0,1,0) and (0,0,1). Hence, the singular points for each 
transformation II are these two reference points and the map of one pinch 
point. The singular lines of each transformation, given by the Jacobian of the 
quadratics in u, are u =0 and the maps of the two tropes which pass through 
this pinch point. The four points on the surface in which it is cut by the line 

of fixed points 

x — a? 2 =0, % — x 8 =0 

map into four points invariant under all the transformations II. 

If we apply these transformations to a point u, we obtain four points z. 
If we apply the same transformations to the point z, we obtain identity and 
three new points z'. 

T x : 4=^/3Im %; z\=vu\\ z' % ='k&\u x u 1 ; 

T 2 : z' =%8lu u 2 ; z^XSlu^; z' 2 =—pul; 

T s : 4=^/31^X^2} z[—a^\u u 2 ; e 2 =— p/SX^i- 
The singular elements are the points and lines of the reference triangle. The 
fixed elements are the four points invariant under II. These transformations T 
correspond to the collineations on the surface in the same sense that the trans- 
formations II correspond to the polarities. The seven elements II and T with 
identity form an abelian G s like in all particulars to the correlation group of 
the surface (26). 

We have thus shown that the correspondence on the surface, arising from 
the correlation grottp, between a point y and a tangent plane with contact x, 
gives rise in the mapping plane to a group of Cremona transformations which 
show the same correspondence between the maps of the points y and x. 



